Let n q (k, d) be the smallest integer n for which there exists a linear code of length n, dimension k and minimum distance d over F q , the field of q elements. We determine n 5 (5, d) for d =476-479, 491-530, 538-540, 542-560, 563-625. We also show that -120, 144-150, 268-275, 280-290, 293-300, 394,395, 398- 
Introduction
We denote by F q the field of q elements. Let V (n, q) denote the vector space of n-tuples over F q . A q-ary linear code C of length n and dimension k, called an [n, k] q code, is a k-dimensional subspace of V (n, q). An [n, k] q code C with minimum (Hamming) distance d = d(C) is referred to as an [n, k, d] q code.
A fundamental problem in coding theory is to optimize one of the parameters n, k, d for given the other two (over a given field F q ). Two versions of the problem are: Problem 1. Find n q (k, d), the smallest value of n for which an [n, k, d] q code exists. We mainly deal with Problem 1 for linear codes over F 5 . We note for fixed q that solving Problem 1 for all k, d is equivalent to solving Problem 2 for all n, k. See [8] for the updated known results on d q (n, k). See also [25] for optimal parameters of linear codes. An [n, k, d] q code is called optimal if n = n q (k, d) or d = d q (n, k). There is a natural lower bound on n q (k, d) called the Griesmer bound [9] , [27] :
where x denotes the smallest integer greater than or equal to x. The values of n q (k, d) are determined for all d only for some small values of q and k. See [22] for the known results on n q (k, d) for some small q and k. See also [4] for q = 2, [28] for q = 3 and [3] for q = 4. For q = 5, the problem of finding n 5 (k, d) has been solved for k ≤ 4 for all d except only eight cases. . Such a code is necessarily projective if it attains the Griesmer bound. See [8] for the known results for d ≤ 100. Our results are summarized as follows. Table 2 except for some values of d where the Griesmer bound is attained. Table 2 contains known results from [8] and (rather weak) existence results obtained by our computer search.
Since it holds that g q (k, d) ≥ g q (k − 1, d) + 1, shortening and Theorems 1.2, 1.3 yield the following: 
A linear code is projective if it has a generator matrix any two columns of which are linearly independent. We also prove the following theorems:
It is known only for q = 2, 3, 4 that n q (5 
, see [8] , [22] . In Section 2, we describe the geometric method from projective geometry. In Section 3, many good codes are constructed. The proofs of the nonexistence results are given in Section 5. Some results on 4-dimensional codes are given in Section 4, which are needed in the last section. The results in this paper include work for the second author's Master's thesis [26] .
Preliminary results
We first note that the following result has been already known for n q (5 [19] , [20] , [23] 
There is a misprint in Theorem 2.4(ii) of [23] We denote by PG(r, q) the projective geometry of dimension r over GF(q). A j-flat is a projective subspace of dimension j in PG(r, q). 0-flats, 1-flats, 2-flats, 3-flats, (r − 2)-flats and (r − 1)-flats are called points, lines, planes, solids, secundums and hyperplanes respectively. We denote by F j the set of j-flats of PG(r, q) and denote by θ j the number of points in a j-flat, i.e. θ j = (q j+1 − 1)/(q − 1). We set θ j = 0 for j < 0. Let C be an [n, k, d] q code which does not have any coordinate position in which all the codewords have a zero entry. We always consider such codes throughout this paper. The columns of a generator matrix of C can be considered as a multiset of n points in Σ = PG(k − 1, q) denoted also by C. We see linear codes from this geometrical point of view. An i-point is a point of Σ which has multiplicity i in C. Denote by γ 0 the maximum multiplicity of a point from Σ in C and let C i be the set of i-points in Σ, 0 ≤ i ≤ γ 0 . For any subset S of Σ we define the multiplicity of S with respect to C, denoted by m C (S), as
where |T | denotes the number of points in T for a subset T of Σ. When the code is projective, i.e. when γ 0 = 1, the multiset C forms an n-set in Σ and the above m C (S) is equal to |C ∩ S|. A line l with t = m C (l) is called a t-line. A t-plane, a t-solid and so on are defined similarly. Then we obtain the partition Σ = 
We denote simply by γ j instead of γ j (Σ). It holds that
In particular for 0 ≤ j ≤ k − 3,
Proof.
(1) Considering the (s − 1)-flats in Σ through δ, we have
(2) Considering the t-flats in ∆ through δ 1 ∩ δ 2 , we have
When C attains the Griesmer bound, γ j 's are uniquely determined as follows. 
Denote by a i the number of hyperplanes Π in Σ with m C (Π) = i and by λ s the number of s-points in Σ. Note that we have λ 2 = λ 0 + n − θ k−1 when γ 0 = 2. The list of a i 's is called the spectrum of C. We usually use τ j 's for the spectrum of a hyperplane of Σ to distinguish from the spectrum of C. Simple counting arguments yield the following.
When γ 0 = 1 we get the following from the three equalities of Lemma 2.8:
x denotes the largest integer less than or equal to x.
(4) Let c j be the number of j-hyperplanes through δ other than Π. Then the following equality holds:
+1. Hence our assertion follows from (1). (4) (2.3) follows from j c j = q and j (j − t)c j = n − i. (5) It holds that c γ k−2 > 0 when the right hand side of (2.3) is at most q − 1. 
Proof. The assertion follows from Theorem 14.1 of [2] (called Construction X) taking the 1-dimensional subcode of C 1 generated by c as D and C 2 as the auxiliary code.
From now on, we construct some linear codes mainly by means of minihypers.
Proof of Theorem 1.5. Let Π be a hyperplane of Σ = P G(k, q) and let Π = C 0 ∪C 1 be a partition corresponding to a given projective [n, k, d] q code. Take a line l of Σ meeting Π in a point of C 1 and put 
An n-arc in PG(2, q) is an n-set of PG(2, q) no three of which are collinear. It is well known that the maximum size n for which an n-arc exists is q + 1 when q is odd and is q + 2 when q is even, see [16] . The upper bounds on n q (5, d) in Theorems 1.6, 1.7 are straightforward from the following theorems.
Proof. Removing the line l 0 from F and F in the proof of Theorem 3.2 give a {θ 3 A blocking b-set in PG(2, q) is a b-set of PG(2, q) meeting every line but containing no line completely. In PG(2,5), every blocking set of smallest size is a blocking 9-set which is a projective triangle of side four ( [16] ). Proof. Let ∆ and ∆ be distinct solids in PG(4,5) with δ = ∆ ∩ ∆ . We first construct a {θ 2 + 13, θ 1 + 1; 3, 5}-minihyper in ∆ containing δ. Let δ 1 be a plane ( = δ) in ∆ with l 0 = δ ∩ δ 1 . Take a blocking 9-set B, which is a projective triangle of side four, in δ 1 so that l 0 is a tangent line of B at one of the vertices of the triangle, say P . Let l 1 be another tangent line of B at P in δ 1 and take a point P 1 ( = P ) on l 1 . Take a line l 0 in ∆ meeting δ 1 in P 1 . Then F 0 = δ ∪ B ∪ l 0 forms a {θ 2 + 13, θ 1 + 1; 3, 5}-minihyper in ∆. Now, take a line l which is skew to δ and let l * Proof. These codes were found with the aid of a computer (cf. [24] ). Let T be the companion matrix of f (x) = x Proof. (1) and (2) are straightforward from Lemma 2.9. (3) and (4) 
Proof. We first assume that the spectrum of C is (i). Then the spectrum of C satisfies Then γ 1 = 2 by Lemma 2.7, and C 1 , the set of 1-points, forms an n-cap no three of which are collinear. But it is known [7] that n-cap in PG(4,5) satisfies n ≤ 88. This contradicts that n = g 5 (5, d) > 88 for d ≥ 70. 96, 144, 146, 268, 271, 288, 293, 296, 394, 398, 521, 538, 542, 546 Proof. We first note that a [707, 5, 565] 5 code does not exist. Otherwise, such a code is projective and the set of 0-points C 0 forms a {2θ 2 + 2θ 1 , 2θ 1 + 2θ 0 ; 4, 5}-minihyper in PG(4,5), which does not exist by Theorem 2.10(4).
Lemma 5.2 ([2]). If there exists an
Suppose a [706, 5, 564] 5 code C exists. Let ∆ be a γ 3 -solid. Then ∆ has no j-planes for j ∈ {22-24,27-29} by Table 1 Proof. Let C be a putative [679, 5, 542] 5 code. By Table 1 , the spectrum of a γ 3 -solid ∆ is (τ 22 , τ 23 .2) according to each of the two spectra of 101-solids in Table 1 , we get .2) with the spectra in Table 1 Table 1 . Proof. Let C be a [364, 5, 290] 5 code. Then a γ 3 -solid ∆ has no j-planes for j ∈ {4-6, 9-11, 14-16} by Lemma 4.1(4), so a i = 0 for all i < 14 by Lemma 2.9. Hence it follows from Theorem 2.4 and Lemma 2.9 that a i = 0 for all i ∈ {24, 39, 64, 69, 74}.
Estimating the LHS of (2.2) for i = 24, 39 using the spectra in Table 1 Estimating the LHS of (2.2) with the spectra in Table 1 .2) with the spectra in Table 1 Let Π be an i-solid. If i = 26, then Π has only 1-planes and 6-planes by Table 1 , which are not contained in ∆, a contradiction. Hence a 26 = 0. For i = 16, t = 0, the equality (2.3) has no solution while a 16-solid has a 0-plane by Table 1 . Hence a 16 = 0. For i = 70, t = 5, the equality (2.3) has no solution, contradicting the spectrum of a γ 3 -solid. This completes the proof. Applying Theorems 2.2, 2.3, we get the following. See [26] for the detail of the proof. The equalities of Lemma 2.8 yield 3a 23 = 226, a contradiction. 
